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Abstract: We characterize the existence of horizontal path
lifts for general connections on arbitrary fiber bundles with a
new property that also gives fresh insight into linear and G-
connections.
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1 Introduction and Preliminaries
A general connection on a smooth fiber bundle pi : E → M is a subbundle
H of the tangent bundle piT : TE → E that is complementary to the
vertical bundle V = kerpi∗ = kerTpi, so that
TE = H ⊕ V .
Connections were originally studied on tangent bundles, and were so-
named because they connected distant tangent spaces by means of parallel
transport [10]. Parallel transport is defined using horizontal lifts of paths
in M , so what we want is a theorem like the following for any general
connection.
Let γ : I → M be a path with γ(0) = p and γ(1) = q. For every v ∈ Ep
there exists a unique horizontal lift γ such that γ(0) = v and γ(1) ∈ Eq.
Ehresmann recognized that this horizontal path lifting property is nontrivial
by including it in his definition of a connection [4]. For this reason, general
connections with this property are sometimes called Ehresmann connections.
He further showed that this property holds if E has compact fibers, or if H
is a G-connection on a G-bundle. Kola´rˇ, Michor, and Slova´k [6, p. 81] gave
a sufficient condition for a general connection to have this property.
The usual proof for linear connections starts this way. Consider the
pullback bundle γ∗E over I, let D = d
dt
denote the standard vector field
on I, let D denote its horizonal lift to γ∗E, and let c denote the unique
integral curve of D with c(0) = v. Then (γ∗pi)c is an integral curve of D
with (γ∗pi)c(t) = t on I.
Unfortunately, (γ∗pi)c need not extend over all of I in general. Figure 1
shows a simple 1-dimensional example of this as a connection on TM .
Definition 1.1 A general connection H is uniformly vertically bounded
(UVB) if and only if Hv is bounded away from Vv in each TvE, uniformly
along the fibers of E.
Assuming that Hv is bounded away from Vv in each TvE, uniformly along
the fibers of E, removes this obstacle by allowing the standard argument
to go through, preventing horizontal lifts from running “off the edge” [7] or
“away to infinity” [3]. All linear connections are UVB; more generally, so
are all G-connections for a Lie group G.
First we need a way to determine how far away the n-plane Hv is from
the k-plane Vv in a single fiber TvE ∼= R
n+k. Wong [11] showed that,
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Figure 1: Horizontal lifts of a path c from p to q in M . Infinity of the fibers has
been brought into the finite plane by a compression such as y 7→ tanh y. The solid
lines begin in one fiber and go away to infinity. The dotted lines do not intersect
either fiber. Note that no horizontal lift of c reaches from over p to over q.
given any positive-definite inner product on Rn+k, this can be done using
m = min{n, k} nonzero Wong angles.
To compare Wong angles in different fibers of TE along Ep, let U ⊆M
be a trivializing chart for both E and TM centered at p ∈ M . Let gF
be an auxiliary Riemannian metric on the model fiber F of E, and gU the
standard Euclidean metric on U . Form the product metric g := gU × gF
on EU ∼= U × F , and let ∇
g denote the Levi-Civita connection for g. It is
well known that ∇g determines a system of parallel transport Pg on EU ; in
particular, along Ep.
Fix v ∈ Ep and let α : I → Ep be a path with α(0) = w and α(1) = v.
Denote this path by α : w 7→ v. Let θv(w,α) denote the smallest Wong
angle between the n-plane Pgα(Hw) and k-plane P
g
α(Vw) in the fiber TvE as
measured by gv . A general connection H is then UVB if and only if
inf
w∈Ep
{
inf
α:w 7→v
θv(w,α)
}
≥ εp > 0, (1.1)
for all p ∈M .
If the model fiber F is parallelizable, then the situation is simplified
substantially. In this case T (EU ) ∼= (U ×Ep)×R
n+k, and the Wong angles
along Ep can be compared unambiguously for any fixed choice of positive-
definite inner product on Rn+k. Note that all vector spaces and Lie groups
are parallelizable.
2
Now recall that linear connections satisfy Hav = a∗Hv and that a∗
is a motion of TvE, so therefore preserves the Wong angles along the line
through 0 in Ep determined by v [11, 2]. Hence the Wong angles are constant
along each fiber Ep so there is an absolute minimum value among them, say
θm > 0, and this is uniform along the fiber Ep.
It is easy to see that the Wong angles being constant along each fiber of a
vector bundle E, or vertically constant, characterizes linear connections. We
state this explicitly since it does not seem to have been recorded previously.
Theorem 1.2 A connection H on a vector bundle E is linear if and only
if its Wong angles are vertically constant. 
That G-connections are UVB will not be used here; a proof may be
inferred from [3, Sec. 31].
2 Main Theorem
Theorem 2.1 Let pi : E → M be a smooth fiber bundle, H a general
connection on E, and γ : I → M a path with γ(0) = p and γ(1) = q. For
every v ∈ Ep, there exists a unique horizontal lift γ : I → E such that
γ(0) = v and γ(1) ∈ Eq if and only if H is UVB.
Proof: Suppose that H has this horizontal path lifting property. Then
the horizontal lifts of γ foliate the pullback bundle γ∗pi : γ∗E → I, and
every leaf of the foliation F meets every fiber of γ∗pi. As γ∗T (F) ⊆ H and
γ is arbitrary, the connection H is UVB.
Conversely, assume that H is UVB. Since I = [0, 1] is compact, then
im(γ) can be covered by finitely many simultaneously open charts, and we
may assume that im(γ) is contained in a single trivializing chart U ⊆M for
both E and TM .
Consider the pullback bundle γ∗E over I. Since I is contractible, γ∗E ∼=
I × F , and we may identify all fibers over I with a single copy of F . Let
c ∈ Γ(γ∗E) with c(0) = v ∈ F , and regard c : I → F as a path in F . Again,
we may assume that im(c) lies in a single trivializing chart W ⊆ F for TF ,
and further has no self-intersections in W .
It now makes sense to talk about c in local coordinates. We write γ∗ c =
(γ, c) with velocity lift (γ∗ c)
· = (γ, c, γ˙, c˙). Suppose further that γ∗ c is
horizontal: (γ∗ c)
·(t) ∈ Hγ∗c(t). It remains to show that γ∗ c is defined on all
of I.
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Horizontal spaces along γ have local coordinates (γ, y, γ˙, f(y)), where
f : F → Rk measures the failure of H to be trivial. Thus the lift γ∗ c is
horizontal if and only if c satisfies the differential equation
c˙(t) = f(c(t)). (2.1)
Since H is UVB, ‖f‖ is uniformly bounded above. An MVT [1, p. 366]
implies that ‖c‖ is bounded on the part of I where it exists. The FEUT [5,
pp. 166f, 169] gives the existence of c, and the Extension Theorem [5, p. 171f ]
implies that c extends over all of I. 
In case E = TM we get the following corollary.
Corollary 2.2 Let H be a general connection on TM and let γ : I → M
be a path with γ(0) = p and γ(1) = q. For every v ∈ TpM there exists a
unique horizontal lift γ such that γ(0) = v and γ(1) ∈ TqM if and only if
H is UVB. 
This result was first proved by Parker directly, which inspired Ryan to extend
it to fiber bundles.
We also obtain a notion of parallel transport in E.
Corollary 2.3 Each path γ in M from p to q defines a diffeomorphism
Pγ : Ep → Eq that we call parallel transport along γ. Note that
pi∗ ◦ γ˙ = γ˙ ◦ pi : E → TM (2.2)
as with vector fields. If γ is not injective, this must be interpreted via the
pullback bundle γ∗E.
Proof: Uniqueness and smooth dependence of integral curves on initial
conditions [5] implies that the set of all horizontal lifts of γ defines such a
diffeomorphism for each γ. Equivalently, the set of all horizontal lifts of γ
smoothly foliates γ∗E over I such that every leaf meets every fiber of γ∗pi.
Equation (2.2) is obvious locally and can be extended via concatenation.

Certain properties of parallel transport similar to those found in [9, 2.6,
9.1] for linear and G-connections can now be obtained for UVB connections
on fiber bundles. One major difference is of course that the maps Pγ might
not be linear.
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Corollary 2.4 This parallel transport Pγ in E, along γ : I → M with
γ(0) = p and γ(1) = q, has the following properties.
1. Existence and uniqueness: for each v ∈ Ep and each smooth γ with
γ(0) = p, there exists a unique smooth horizontal curve Pγv from
v ∈ Ep to Eq. Alternatively, one may regard Pγv as a horizontal
section of E along γ.
2. Invertibility: allowing v to vary over Ep, the resulting map Pγ : Ep →
Eq is a diffeomorphism. Its inverse is parallel transport along the
reverse
←
γ(t) := γ(1 − t).
3. Parametrization independence: if α is a reparametrization of γ, then
Pα = Pγ : Ep → Eq.
4. Smooth dependence on initial conditions: For every trivializing open
set U in M and each smooth map f : TU → M with f(p, 0) = p for
all p ∈ U , the bundle map
F : TU ×U EU → EU : (x, v) 7→ Pγv,
where γ(t) := f(tx), is smooth.
5. Initial uniqueness: if α and γ are two curves emanating from p ∈ M
with α˙(0) = γ˙(0), then for every v ∈ Ep, Pαv = Pγv have the same
initial tangent vector; that is, P˙αv(0) = P˙γv(0). 
In case E is a vector bundle, Poor [9] shows that these properties, suitably
modified, may be taken as axioms for parallel transport.
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